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We prove here that our dually connected graphs admit such progression by computing at least
one such labeling for all of them, and rest are open to be found for others.
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Introduction.

For a graph simple graph G, V(G) and E(G) denote the vertex set
and the edge set, respectively. A (p, ¢)-graph G is one with |V(G))
= p and |E(G)| = q. Moreover, the theoretic ideas of graphs can be
seen in [21]. A labeling (or valuation) of a graph is in fact a
mapping that carries elements of graph to numbers (usually to
positive or non-negative integers). Here, the domain will be V(G)
U E(G). In other words, the labeling in this article is total
labeling. In some labelings only the vertex set or the edge set will
be used and we shall call them vertex-labeling or edge-labelings,
respectively. Graph labelings has many types such as harmonius,
radio, cordial, graceful and antimagic. The recent survey of graph
labelings can be seen in [5]. In this paper, we will focus on
antimagic total labeling type. In [1], more details on an antimagic
total labeling can be seen. The notion of edge-magic total
labeling of graphs derives its origin in the research work of A.
Kotzig and A. Rosa [12, 13] for which they used the terminology
magic valuation. Let us now move to few useful definitions and
relevant research work previously done.

Definition 1. A (k, d) edge-antimagic vertex ((k, d)-EAV )
labeling of a graph G is a bijection p: V (G) — {1, 2, - - -, p}
such that the set of edge-sums of all edges in G, {w(xy) = p(x) +
p() : xy € E(G)}, forms an arithmetic progression {k, k + d, k +
2d,...,k+ (q— 1)d}, where k > 0 and d > 0 are fixed integers.
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R. Simanjuntak ef al., [19] proved that cycles and path, C,,,;,
P,,; and P,,, have an (n + 2, 1)-EAV labeling when n > 1. They
further proved that the odd path P,,,; has a (n + 3, 1)-EAV
labeling and the path P, admits a (3, 2)-EAV labeling for n > 1.
In [3], M. Baca et al., proved that if a connected graph G (must
not be a tree) has an (a, d)-EAV labeling then d = 1. Further that
acycle C, has no (a, d)-EAV labeling ford > 1 and n > 3 [3].

Definition 2. A (k, d) edge-antimagic total labeling of a graph G
is a bijection p: V(G) UE(G) — {1, 2,

- -+, p + g/} such that the set of edge-weights of all edges in G,
{wixy) = p(x) + p(xy) + p(y) : xy € E(G)}, forms an arithmetic
progression {k, k+d, k+ 2d, ..., k+ (¢ — 1)d}, where k> 0 and d >
0 are fixed integers. The graph G, if admits such labeling, is
called an (k, d) edge-antimagic total graph. (abbreviated as (a, d)
— EAT labeling/ graph)

Definition 3. An (k, d)-EAT labeling p is called a super (k, d)
edge antimagic total labeling of G if p(V (G)) — {1, 2, - - -, v}.
Thus, a super (k, d)- edge-antimagic total graph is a graph that
admits a super (k, d) edge-antimagic total labeling. (abbreviated
as super (k, d) — EAT labeling/ graph). If d = 0, then a super (k,
0)-EAT labeling is called a super edge-magic total labeling and k
is called a magic constant or valence. For d other than 0, k is
called minimum edge-weight. These all (k, d) definitions related
graphs are also termed as (k, d) arithmetic graphs.
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The definition of an (k, d)- EAT labeling was established by R.
Simanjuntak, Bertault and M. Miller in [19] as a natural
extension of an edge-magic total labeling defined by A. Kotzig
and A. Rosa earlier. A super (k, d)- EAT labeling is a further
natural extension of the notion of a super (k, 0)-EAT labeling
introduced by Hikoe Enomoto ef al., in [4]. And not to forget the
following interesting conjecture of the same paper that every tree
admits a super (k, 0) edge-antimagic total labeling. Many
researchers have pillared this conjecture by deriving super (k, d)-
EAT labeling for many particular classes of trees. As in, stars,
path like trees, W-trees, subdivided stars, caterpillars and
lobsters. All such results can be seen in [2, 6, 7, 9, 10, 11, 8, 15,
17, 18, 20]. And the famous computer calculated verification of
upto 17 vertices tree [14].

Results

We are providing, apart from definitions of some dual connected
graphs, their (a, 2) and hence (a, 0) edge- antimagic total
labelling. Here the notion of dual connected graphs is different
from that of the notion that one graph being the dual of another.
The following result are our relevant calculations.

Theorem 1. The dual connected graph G, is (a, 2) edge-
antimagic total, for n chosen to be even.

Proof. We first define the notion of dual connected graph G,
with following vertex and edge sets,

V(G,)={x.y,:1<i<n+4}U{¢ :1<i <16}

~4  n+12
E(G)={x;xim:1<i<n+3}U{y,y  1<i<n+3}U{xy, 1<i<? &2 2 <i<n+3)
-6 +12 +10
Ul 9, 1< P2 & 2 i <t 25 Ul carmnss ¥y o 1 S TS}
2 2 2
n_._n+l10
UA{Xi Coimnsar Y Coionsa E <i< > Y Uler a2 yﬁ_z’asxﬁH’Cls Vral

2 2

Ul Xc1 Yy C16X,045Cle Yora ) Y2 X, 1’02)’,1 1,C15xn 6,615xn+6}U{CiC,-+1 :2<i<14}.

2 2

Then p = V(G,)|=2(n+12)and
q = E(G») |=4(n+12) — 3. By defining a bijective function
onG,as 0:V(G,) —>{1,2,..., p} asfollows:

2i+n—-4:2<i<14;i =0(mod 2);

o(c) =
2i+n—-5:3<i<15;i=1(mod 2);
An+12):i=16
2i:1£i£n_2;

2

S(x)={4i—n+2:L<i< 12,

2 2
2i+6)+2: " cicnia
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2

n-2

o(x)+1:1<i<
(x;) 5

b

6(x,.)+1:%sis”+12;

5()7,-): 5

n+14

S(x)+1: <i<n+4

(§(x,.) being chosen to be corresponding label in the respective
range). It can be easily followed that with appropriate edge-

labels O refers to an (a, 2) and hence (a, 0) edge-antimagic total
labeling of G,, which are assigned in same and in opposite order
respectively.

Theorem 2. The dual connected graph H, nonisomorphic to G, is
(a, 2) edge- antimagic total, for n choosen to be even.

Proof. We define the notion of dual connected graph H, with
following vertex and edge sets,

V(H,)={x;.y,:1<i<n+4}U{c, :1<i <16}
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-4 +12
EUﬁ)={mxﬂpléi£n+3}U{%yHﬁISiSn+3}U{MyHﬁléiSﬁEfw&n <i<n+3}
. _n-6 +12 . .. n+10

U{xiy,-ﬂilﬁlﬁn—&n SlSn+2}U{XiC2i—n+3ay,'C2i—n+3:EélSn }
2 2 2
n . n+10
U{Xi Coicnidr Y, Coinsa s = SIS YOler Yasca Y, scisX, sci6Yna)
2 2 5—2 5+7
U{e1 X561 Y15 C16%sq3C16 Vara ) U{szﬁ_l’c‘z yﬁ_l’c15xﬁ+6>615 )’Lﬁ} U{ci ¢y, 0 2<i<14,i = 0(mod 2)}
2 2 2 2
1
u{xiyi:ﬁéiénzo}.

Then p =|V(H,)|=2(n+12)and
q = E(H») |= 4(n+12) —3 . By defining a bijective function
onH,as @:V(H,)—{12,..., p} asfollows:

1:i=1;

2i+n—4:2<i<14;i=0(mod 2);

(D(Ci):
2i+n-5:3<i<15;i =1(mod 2);

2(n+12):i =16

¢(x,.)+1:1SiSn;2;

n+12
2 2

n_.
P(y;) = qo(x,.)+1:5glg

ntld 4

o(x;)+1:
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(¢(x;) being choosen to be corresponding label in the

respective range). It can be followed that with appropriate edge-
labels @ refers to an (a, 2) and hence (a, 0) edge-antimagic total

labeling of G,, which are once again assigned in same and in
opposite order respectively.

Theorem 3. The dual connected graph G, is (a, 2) edge-
antimagic total, for n choosen to be odd.

Proof. We define the dual connected graph G, with following
vertex and edge sets, for even n as;

V(G,) ={x;,y,: 1<i<n+4}Uc, :1<i <16}

2i:1$i£n_2;

\O)

n n+12
x)=<4i—-n+2:—<i< :
@(x;) 5 5

n+14

2(0+6)+2: <i<n+4
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. . ..n=3_ n+l13 .
EG)={xixim:1<i<n+4}Uly, vy,  1<i<n+4}Uly, x;, :1<i< & <i<n+4}
. n=5_n+13 . n+l . _n+l1
U{x; yi i 1<i < & Si<n+ 2}V {xi Coimnets Vi Coicnat : > <i< > }
n+l . _n+l11
UAXi Coicnsas Vi Coionsn > i< > YOl x, s YoasciaXzsciaYons )
2 2 2 2
et Yis Xnas Yuyss €5 X 3514 Yoirs Y €y 110 <13}
2 2
Then p=|V(G,) |=2(n+12)and . _n-—1
p=V(G,)[F2(n+12) yx)-1:1<i<™—;
q = E(G») |=4(n+12) — 3. By defining a bijective function 2
onG,as y:V(G,) —{L,2,..., p} asfollows:
n+1 n+13
. . . )= )-1.—<i< ;
2i+n—2:2<i<13i=1(mod2); rO) =7 —li—msis —
7/(Ci) =
2i+n—-3:2<i<14;i =0(mod 2); n+15 .
( ) y(x)—1: <i<n+4
2i:1<i< n—1 : (7(x;) being chosen to be corresponding labels). It follows with
2 appropriate edge- labels » refers to an (a, 2) and hence (a, 0)
edge-antimagic total labeling of G,, which are assigned in same
‘ n+l . n+l3 and in opposite order respectively.
y(x,)=14i—n+1: <i< ;
2 2 Theorem 4. The dual connected graph H, nonisomorphic to G,
(defined in Theorem 3) is (a, 2) edge- antimagic total, for n
choosen to be even.
. n+15 .
2i+6)+2: sisn+4 Proof. We define the notion of dual connected graph H, with

following vertex, edge connection,

V(H,)={x;.y,:1<i<n+4}U{¢ :1<i <16}

— 1
E(H)={xxim:1<i<n+4}U{y, y_:1<i<n+4}U{y, xo:1<i<” 3B i
n-5_n+13 n+l n+11
Ufx; v, 1<i < & <i<n+2YU{xi cricnits Vi Coicnat - <i<
{x; Yio > 5 YU caicnni YiCai-nt1 2 > }
n+l . n+ll
UAXi Caicns2s Y Coicnsa i —— SIS JUle1 X, 101 YaotsClaX,z»Cla Y pas )
2 R 2
: : n+l . n+ll
U{XI y]7Xn+5yn+5’C1 xL_37Cl4yn+]5}U{CiCi+1 1Sl£13,l51(md2)}u{xlyl 2 SIS 2 }
2 2
Then p =V (G,)|=2(n+12)and y(c;):2<i<13;i =1(mod 2);
q = E(G») |= 4(n+12) — 3. By defining a bijective function Ac) =
onG,as A:V(G,)) —=>{1,2,...2(n+12)} as follows: y(c,):2<i<14;i =0(mod 2);
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n—1
x):1<i<——;
7(x,) 5

Alx;) =

/”L(xi)—lzlﬁiSnT_l;

n+1
<i<

2 2

n+13

b

A(y,) =1 A(x;) —1:

n+15

A(x;)—1: <i<n+4

(A and ¥ being choosen to be corresponding labels ). It can be

easily followed that with appropriate edge- labels A refers to an
(a, 2) and hence (a, 0) edge-antimagic total labeling of H,, which
are assigned in same and in opposite order respectively.

Conclusion

We have mainly provided super (a, 0) and (a, 2) edge- antimagic
labeling of dual connected graphs G, and H,. Wherein, an (a, d)
edge-antimagic total labeling of a graph G is a bijection p: V'
(G)UE(G) — {1, 2,... ,p + q} such that the set of edge-weights
of all edges in G, {w(xy) = p(x) + p(xy) + p(y) : xy € E(G)},
forms an arithmetic progression {a, a+ d, a+ 2d, ..., a+ (q —
1)d}, where a > 0 and d > 0 are fixed integers, Our main focus
hereisa =0 and a = 2.
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